We explore numerically the formation of Turing patterns in a confined circular domain with small aspect ratio. Our results show that stable fivefold patterns are formed over a well defined range of disk sizes, offering a possible mechanism for inducing the fivefold symmetry observed in early development of regular echinoids. Using this pattern as a seed, more complex biological structures can be mimicked, such as the pigmentation pattern of sea urchins and the plate arrangements of the calyxes of primitive camerate crinoids.
I. INTRODUCTION
The occurrence of pentagonally symmetric organisms has been largely surveyed and studied in detail ͓1,2͔. For example, a pentagonal pattern is the basic pattern of the echinoderm skeletons. Some radiolarians and diatoms also provide notable examples of pentagonal patterns. However, most mathematical models for biological pattern formation exhibit hexagonal patterns ͓3-6͔ and the issue of selecting and stabilizing fivefold symmetric patterns has not been addressed in these models.
Motivated by the de novo appearance of pentagonal symmetry in the rudiment disk during the early development of regular echinoid larval forms ͑echinopluteous͒ ͓7͔, we carefully explore the formation of radially symmetric patterns using a Turing system solved on a confined circular domain with size comparable with the characteristic wavelength, starting from random initial conditions. Since under this aspect ratio the boundary controls the symmetry of the pattern, the radius of the disk ͑or the curvature of the circle͒ can be considered as the relevant parameter. Taking into account the wavelength of the Turing equations, we may expect a pentagonal pattern if system parameters and disk radius are adequately tuned, such that a central plus several marginal peaks are possible. We address this problem by studying numerically the Turing modes confined in a small size disk. As we shall show, the frustration induced by small disk radius reduces the usual hexagonal symmetry of the pattern, to produce pentagonally symmetric pattern. We also show that they are stable and, under large spatial homogeneities in the initial conditions, they appear over a well defined range of disk sizes. We also simulated numerically the situation when a pentagonal seed is formed and used as a source of morphogen in a larger disk, as one might assume that in a biological system there is the possibility that a certain pattern ͑stable or not͒ can be frozen at a stage of development ͑calcified or biologically differentiated͒ and may serve as a seed for future development. These patterns compare notably well with the pigmentation pattern of Toxopneustes pileolus and, in a different context, still in the phylum of echinoderms, with the plate arrangements of the calyxes of primitive camerate crinoids ͓2͔. All these results lead us to consider morphogenesis as a step by step process in the sense that once a pattern is generated and biologically consolidated, it can serve as a seed for the next step. It also reinforces the importance of transient or unstable patterns in biological systems ͓8͔.
II. THE MODEL
In all biological models there remain uncertainties about the mechanisms behind pattern formation: the study of genetics alone cannot provide us with such mechanisms. Perhaps the most extensively studied mechanism for selforganized biological pattern formation is the Turing instability ͓9-11͔ and we focus our attention on this mechanism. Albeit the molecular details are still unknown, the Turing model has been shown to exhibit pigment patterns consistent with those observed in some mammals ͓12͔, seashells ͓13͔, and marine fishes ͓14 -18͔. Curved geometries have also been introduced to model microscopic organisms such as radiolarians ͓19͔ and patterns on the hard wings of lady beetles ͓20͔. Recently, it has been found that morphogens ͑the name given by Turing to the chemicals in prepattern models͒ do exist ͓21͔, but experimental evidence that mor-phogen patterns are set up by a Turing mechanism is yet to be found.
Turing equations describe the temporal development of the concentrations of two chemicals, U and V, that diffuse at different rates, D U and D V , and react according to the nonlinear functions f and g,
We take the model introduced by Barrio et al. ͓17͔, obtained 
where uϭUϪU c , vϭVϪV c , D U ϭD, and D V ϭ1. The quantity ␦ conveniently gives the size of the system, and the particular arrangement of the coefficients obeys conservation rules in these chemicals. There are two interaction parameters r 1 and r 2 that, in Cartesian coordinates, control the formation of stripe or spot patterns, respectively ͓17͔.
We investigate patterns in a two-dimensional disk with zero-flux boundary conditions, namely, n•"u͑r, ͒ϭn•"v͑ r, ͒ϭ0, for all ͓0,2), with r at the boundary of the disk with unit outward normal n. We then, in the linear regime, look for solutions of the form ͑in the usual way͒
where C m and D m are constants and J m are Bessel functions of mth order of the first kind. By substituting these solutions in the linearized version of Eq. ͑1͒ we obtain that the dispersion relation is given by the solutions of 2 ϩ͓͑1ϩD ͒␦ 2 Ϫ␤Ϫ␣͔ϩ͓͑D␦ 2 ϪD␤Ϫ␣ ͒␦ 2 ϩ␣͑␤ϩ1 ͔͒ϭ0. ͑2͒
In order to keep the solutions as simple as possible, we enforced (0,0) to be the only spatially uniform steady state by setting ␣ϭϪ␥ ͓17͔. The following conditions must be satisfied for diffusion-driven instability ͓10,17͔:
where subscripts in f and g denote differentiation.
At the onset of instability, a good approximation of the critical wave vector is given by the minimum of the left part of the last inequality in Eq. ͑3͒, namely,
where kϭk mn ϭ mn a; mn is the nth zero of the derivative of the Bessel function J m Ј and a is the radius of the disk.
Observe that this equation implies that once (a,␣,␤,D) are fixed, one could select a pattern of a given radial symmetry by varying ␦. Alternatively, solving Eq. ͑4͒ for ␦, one could tune the other parameters to satisfy the condition kϭ mn /a for a given symmetry m.
In Fig. 1 
III. NUMERICALLY COMPUTED STEADY-STATE PATTERNS
Equations ͑1͒ are solved in polar coordinates in a unitary disk (aϭ1) by a simple Euler method as described in detail in Appendix A. The calculations reported here were carried out using grid parameters M ϭ34, Nϭ68, ⌬rϭ1/34, and ⌬ϭ2/68. The parameter values ͑kept fixed in all our simulations͒ are ␣ϭ0.899, ␤ϭϪ0.91, and Dϭ0.516. We used 16ϫ10
6 time iterations to converge, with a time step of ⌬tϭ1ϫ10 Ϫ4 , which fulfills the necessary condition for numerical stability ͑A9͒. The system was always initialized using random fluctuations (Ϯ0.5) around the steady state U i, j 0 ϭ0 and V i, j 0 ϭ0, for all i, j. The seed of the random generator was set to the CPU time of the computer.
In Fig. 2 , examples of patterns obtained with parameter values r 1 ϭr 2 ϭ0.2, to produce a spot pattern ͓17͔, are shown. The values of ␦ correspond to increasing the size of the domain and, according to Eq. ͑4͒, different symmetries are selected. The convergence to steady state of the pattern was estimated by means of the quantity ϭ͚ i, j (U i, j n ϪU i, j nϪ1 ) 2 , at each time step. A typical value of this quantity in all our calculations is 1ϫ10
Ϫ6 . In Fig. 3 a graph of the pattern symmetry axis value versus ␦ is shown. It can be seen that hexagonal and pentagonal patterns are more frequent and the pentagonal pattern is generated in a range of ␦ about 16% of the explored radius. The use of the circular geometry to solve the Turing equations allows us to generate a fivefold pattern. The appearance of the central spot in some of the patterns in Fig. 2 may seem strange at first sight. In particular, J 5 (k 51 r) is zero at the origin and Fig. 2͑a͒ shows nonzero values there. We should, however, note that the linear analysis predicts modes under the linear regime, while the final solution depends also on the nonlinear terms and it is expected that, besides monomodes, nonlinear coupling of different modes may appear. In Appendix B we perform a modal decomposition of a pentagonal pattern to confirm this possibility.
Since in Appendix A we obtain only necessary conditions for numerical stability, we performed a number of simulations with different step sizes ͑in time and space͒ in order to verify that the solution does not change under these conditions. In Figs. 4͑a͒ and 4͑b͒, we show the pentagonal pattern obtained with the same parameters as in Fig. 2͑a͒ but with smaller time steps, namely, 5ϫ10
Ϫ5 and 1ϫ10 Ϫ5 , respectively. In Fig. 4͑c͒ we changed the spatial step size to M ϭNϭ68, with ⌬tϭ2ϫ10 Ϫ5 . Finally, in Fig. 4͑d͒ , a plot of the convergence factor for the simulations in Figs. 4͑a͒ and 4͑b͒ is shown.
In the range of disk sizes where we obtain pentagonally symmetric solutions, other admissible modes are possible and we found that under several different runs, with different initial conditions, it was possible to obtain these modes ͑but only if we reduce the amplitude of the random fluctuations in the initial conditions͒. This problem of multiple stable steady-state solutions has been one of the main criticisms of the Turing model as a plausible explanation for robust pattern formation. It has been shown that using different types of boundary conditions ͓22͔ or employing domain growth ͓23͔ it is possible ͑at least on a one-dimensional domain͒ to increase greatly the robustness of certain modes.
IV. PATTERNS OF SEA URCHINS
Selecting the symmetry of the Turing pattern by means of the disk radius may be relevant for capturing the essence of the de novo appearance of the five primary podia during the early development of regular echinoid larval forms. At the first stages of larval growth, these animals develop five buds of primary podia in a disk called imaginal rudiment, rudiment disk, or just rudiment ͓7,24,25͔. These five buds point to the vertices of a slightly distorted pentagon and give rise to the radially symmetric adult. In Figs. 5͑a͒ and 5͑b͒, schematic diagrams of the realistic arrangement of the five primary podia in the rudiment of Eucidaris thouarsi and Strongylocentrotus droebachiensis sea urchin larvae are shown ͓26͔. Much of the rest of larval growth consists of the formation and lengthening of podial buds maintaining the pentagonal symmetry of the initial lobes. These five podial buds play a major role, by migration from pole to pole, during the embryological skeletal development of regular echinoids in the framework of the axial-extraxial theory ͓27͔. Thus, the symmetry of the adult echinoid is set in this initial stage of development and, for this purpose, the first relevant event is the formation of a pentagonal pattern in the rudiment that dictates the radial symmetry of future development.
Regarding ratios and relative sizes, the realistic diagrams in Figs. 5͑a͒ and 5͑b͒ compare notably well with Fig. 2͑a͒ with the exception of the central spot in the latter. In Fig.  5͑c͒ we show a simulation with the same parameters as in Fig. 2͑a͒ but the factors that control the formation of stripes or spots were changed to r 1 ϭ5 and r 2 ϭ3. Generally, spots are more robust and pronounced than stripes ͓17͔; actually, stripes are only formed for very small values of r 2 . In the simulation of Fig. 5͑c͒ , the factor favoring stripes is high, they do not form because r 2 is not small. The net result is a sort of modulation of amplitudes such that the central spot of the pentagon, albeit present, has a very low amplitude.
Notice that taking into account how the symmetry of the patterns are selected, from a genetic point of view, the pentagonal symmetry of the adult echinoid can be efficiently encoded using two basic parameters as highly condensed instructions: the radius of the rudiment disk ͑or the cell number͒ and the characteristic wavelength of the morphogens.
Let us now consider the case when a given pattern is used as source of morphogens in a larger disk. That is, we simulate the influence of an initially frozen pattern in a domain where a pattern forming reaction takes place. This has been used to simulate the imposition of some directional preference onto the pattern formed, by means of a pattern of differentiated cells ͓28 -30͔. We first consider the pentagonal structure shown in Fig. 2͑a͒ implanted as a source of morphogens in a disk of larger size. The procedure is as follows. The spots of the pentagonal structure shown in Fig. 2͑a͒ , generated in a disk of radius r ͑proportional to 1/ͱ␦ r , with ␦ r ϭ0.01 011), is implanted in a larger disk of radius RϾr ͑proportional to 1/ͱ␦ R , with ␦ R ϭ0.0006), and its amplitude scaled such that the maximum equals 1. The system is then initialized with the previous pentagonal pattern as a seed at the center and U i, j 0 ϭV i, j 0 ϭ0 in the area not occupied by the spots of the pentagonal seed. These spots are considered a source of morphogen in such a way that their size is maintained fixed and the value of the morphogen is set to 1 during all time steps. In Fig. 6͑a͒ we show the pattern that results after 800 000 iterations ͑before reaching steady state͒. The pattern compares notably well with the pigmentation pattern of the common Indo-Pacific sea urchin species Toxopneustes pileolus ͑Alphonso urchin͒, shown in Fig. 6͑b͒ , and it may be considered as a frozen pattern when the animal reaches adulthood. The similarities between the simulated pattern and the real biological pattern are supported by the coherence between the pigmentation pattern and the morphological structure of the urchin test ͓as seen in Fig. 6͑b͔͒ , suggesting that both pigmentation and skeleton formation were simultaneous during the growth process. Fig. 2͑a͒ but with the factors that control the formation of stripes or spots changed to r 1 ϭ5 and r 2 ϭ3.
V. PATTERNS OF CRINOIDS
In a second simulation we let the pattern of Fig. 6͑a͒ reach stability (6ϫ10 6 time iterations͒. The final pattern is shown in Fig. 8͑a͒ and it consists of a nearly twinned pentagonal structure. The disk size used in the simulation (␦ R ϭ0.0006) is large enough to obtain a hexagonal pattern, but in this case it has to couple with the pentagonal seed and the best way to do this is to generate a twinned structure formed by a central pentagon surrounded by distorted hexagons.
This result can be related to another important and primitive taxonomic group of echinoderms: the crinoids ͓31͔. In  Fig. 7 we show the typical plate diagrams of 11 calyxes of camerate crinoid fossils that we have studied ͓2,32͔. An interesting fact is that all these structures are variations of a fundamental arrangement that is a twinned pentagonal structure. This can be made evident as follows. By using the numerical approach described elsewhere ͓2͔, we digitalize each plate diagram codifying the result using a binary system: black ͑1͒ and the white background ͑0͒. Next, we expand this binary function as a truncated Fourier-Bessel series with real coefficients ͓2͔ so that a plate arrangement can be described by the plate model function
where r and are polar coordinates and k is the wave number ͓2͔. The values of C and S were calculated for the 11 fossil species shown in Fig. 7 and it turns out that all structures are quite similar ͓2͔. An average structure can be obtained by taking the mean of the calculated constants C and S of the 11 species studied, giving C 0 ϭ0.25, C 5 ϭ0.05, C 10 ϭϪ0.45, C 15 ϭ0.02, C 20 ϭ0.48, S 5 ϭ0.47, S 10 ϭϪ0.02, S 15 ϭϪ0.46, and S 20 ϭ0.05. Notably, this undulatory average structure is an almost perfect fivefold twinned structure, as shown in Fig. 8͑c͒ , which compares well with the twinned Turing structure that results from our simulation, and is shown in Fig. 8͑a͒ .
In order to compare both patterns in a more proper way, the simulated structure of Fig. 8͑a͒ was transformed to a black and white image and the Fourier-Bessel analysis gives C 0 ϭ0.25, C 5 ϭ0.09, C 10 ϭϪ0.42, C 15 ϭϪ0.04, C 20 ϭ0.45, S 5 ϭ0.36, S 10 ϭϪ0.1, S 15 ϭϪ0.28, and S 20 ϭ0.26, which compare well with the averaged coefficients of the fossil species. This good match is better appreciated if we reproduce the image using these coefficients and Eq. ͑5͒. The resulting FIG. 6 . ͑a͒ Transient pattern ͑after 800 000͒ iterations obtained with ␦ϭ0.0006 using a pentagonal seed as described in the text with the remaining parameter values as in Fig. 2 Fig. 6͑a͒ after 6ϫ10 6 time iterations. ͑b͒ Pattern obtained using Eq. ͑5͒ and the coefficients of the Fourier-Bessel analysis of ͑a͒. ͑c͒ Average twinned structure of the arrangement of plates of camerate crinoids.
pattern is shown in Fig. 8͑b͒ . Both undulatory patterns ͑av-eraged and mimicked͒ are pentagonal twinned structures with the property that the sides of the central pentagon are also sides of antinode hexagons surrounding this pentagon.
Our Turing model thus captures the essence of these structures that evolution has explored in crinoids, which are fluctuations of a basic pentagonal twinned structure. This average structure is a simple and predictable geometrical pattern that evolution may have occupied in the morphospace of early crinoid skeletons. Hence, this is another example that corroborates the claim of the more general work by Thomas et al. ͓33͔ , where it is established that viable design elements available for animals, to use as skeletons, have been fully exploited in early ages. Evidently, evolution also tried the twinned structure itself, as can be seen in Fig. 9 , where the schematic plate arrangement of Pycnocrinus dyeri camerate crinoid fossil ͓31,32͔ is shown. In the figure, plates are indicated by thick white lines. The centers of the plates are indicated by circles and form a lattice of ridges decorating the plates. Observe that this lattice ͑drawn with thin white lines͒ is a twinned pentagonal structure formed by distorted hexagons with a pentagon at the center, quite similar to the ones shown in Fig. 8 . Notice also that plates constitute the Dirichlet domains of the lattice of ridges ͓34͔. This plate arrangement is also observed in Glyptocrinus decadactylus camerate crinoid fossil ͓31,32͔.
The plate arrangement shown in Fig. 9 was directly obtained from the calyx or cup of the published images of fossil crinoids ͓31,32͔. A schematic diagram of the calyx is shown in the inset of Fig. 9 ; the stem of the fossil is represented by the three white lines at the bottom of the figure and white filled circles indicate the starting point of the arms.
VI. CONCLUSIONS
We have explored numerically the formation of Turing patterns in a circular domain with size comparable with the characteristic wavelength. Our results show that, under large spatial homogeneities in the initial random conditions, pentagonal patterns appear and are stable over a well defined range of disk sizes ͑about 16% of the explored radius͒. Some real biological examples of pentagonal patterns in regular echinoids and criuoids are presented. Our results may offer a possible mechanism for inducing the fivefold symmetry observed in early development of these animals. By assuming that in a biological system a certain pattern can be calcified or biologically differentiated at a stage of development, we also simulate pigmentation patterns in sea urchin shells by using sources of morphogens implanted in a disk. Finally, the importance of a transient or an unstable pattern in biological systems is reinforced. APPENDIX A: FINITE-DIFFERENCE SCHEME By using subscripts to denote differentiation, in polar coordinates the Laplacian reads
The system ͑1͒ is then
with zero-flux boundary conditions u r ϭv r ϭ0 at the boundary of the disk (rϭa). We use the simple Euler ͑forward difference͒ approximation to approximate u t , u r , v t , v r , and central differences to approximate u rr , u , v rr , and v . Using equally spaced points along r, , and t we thus denote r i ϭ(⌬r)/2ϩi⌬r, j ϭ j⌬, and t n ϭn⌬t, where iϭ0,1, . . . ,M , j ϭ0,1, . . . ,N, ⌬rϭ1/M , and ⌬ϭ2/N. We start from r ϭ(⌬r)/2 in order to avoid the singularity of the Laplacian at the origin. The center of the disk is obtained by using boundary conditions such that central points are joined in pairs separated by ϭ/2, that is, for jϭ0,1, . . . ,(N/2)Ϫ1, and U͑r 0Ϫ1 , j ,t n ͒ϭU͑ r 0 , jϪN/2 ,t n ͒, for jϭN/2, . . . ,N.
If
denote U(r i , j ,t n ) and V(r i , j ,t n ), respectively, we then solve
with zero-flux boundary conditions
As initial conditions we use random small fluctuations around the steady state U i, j 0 ϭ0 and V i, j 0 ϭ0, for all i, j. Given the nonlinear terms in Eqs. ͑A2͒ a rigorous analysis of the stability of the difference scheme is not an easy task. In practice, however, since important sources of instability are the higher-order terms ͓35͔, necessary conditions and a good estimation of ⌬t are obtained by investigating the consistency and stability of Eqs. ͑A2͒ as if they were uncoupled. Thus, we consider the equations As above, the finite-difference discretization of Eq. ͑A3a͒ is 
͑A4͒
The truncation errors arise from the Taylor series expansions used to approximate derivatives (⌬r) . By assuming that the involved derivatives are bounded, the truncation error goes to zero as ⌬t, ⌬r, and ⌬ go to zero. Consequently, the numerical method is consistent with the partial differential equation ͑A3a͒.
To determine when the method is stable, we find the equation satisfied by the error eϭUϪu. By definition of the truncation error, the exact solution u satisfies By substracting Eq. ͑A4͒ from this equation, after grouping common terms, we obtain
